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FOREWORD 
The public provision of urban facilities and services often takes the 
form of a few central supply points serving a large number of spatially 
dispersed demand points: for example, hospitals, schools, libraries, and 
emergency services such as fire and police. A fundamental characteristic of 
such systems is the spatial separation between suppliers and consumers. No 
market signals exist to identify efficient and inefficient geographical 
arrangements, thus the location problem is one that arises in both East and 
West, in planned and in market economies. 
This problem is being studied at IIASA by the Public Facility Location 
Task, which started in 1979. The expected results of this Task are a com- 
prehensive state-of-the-art survey of current theories and applications, an 
established network of international contacts among scholars and institutions 
in different countries, a framework for comparison, unification, and gener- 
alization of existing approaches, as well as the formulation of new problems 
and approaches in the field of optimal location theory. 
This paper develops a spatial interaction model of facility location 
that adopts a gravity model specification of customer travel patterns. A 
model that can be solved by a nonlinear branch-and-bound algorithm is set out 
and several computational results arising out of applications of the model to 
shopping center location in Leeds, England, high school location in Turin, 
Italy, and hospital location in London, England are reported. 
Related publications in the Public Facility Location Task are listed at 
the end of this report. 
Andrei Rogers 
Chairman 
Human Settlements 
and Services Area 
ABSTRACT 
This paper sets out a spatially interactive facility location model that 
specifies client travel behavior according to a "gravity" formula. The well- 
known uncapacitated facility location model is a limiting case of this model. 
Analytical partial optimization yields a condensed formulation that can be 
solved by a nonlinear branch-and-bound approach. Computational results are 
presented for several problems having as many as 69 potential facility 
locations. 
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FACILITY LOCATION WITH SPATIALLY 
INTERACTIVE TRAVEL BEHAVIOR 
1. INTRODUCTION 
Most of t h e  l i t e r a t u r e  on f a c i l i t y  l o c a t i o n  models is concerned wi th  
systems i n  which s p a t i a l  f lows  a r e  ass igned  e n t i r e l y  t o  t h e  n e a r e s t ,  o r  
more g e n e r a l l y  minimum-cost, f a c i l i t y .  T h i s  assignment r u l e  c l e a r l y  is 
opt imal  f o r  t y p i c a l  p l a n t  and warehouse l o c a t i o n  problems where goods a r e  
de l ive red  from t h e  f a c i l i t y  t o  t h e  demand l o c a t i o n  and t h e  c o s t s  f o r  bo th  
e s t a b l i s h i n g  t h e  f a c i l i t i e s  and t r a n s p o r t i n g  t h e  goods a r e  pa id  by t h e  
producer.  The s imp le s t  such problem i s  t he  uncapac i t a t ed  f a c i l i t y  l o c a t i o n  
problem, f o r  which s o l u t i o n  methods have progressed from t h e  e a r l y  branch- 
and-bound approach of Efroymson and Ray (1966) t o  much more e f f e c t i v e  dual- 
based approaches ( E r l e n k o t t e r ,  1978).  
For many s e r v i c e  f a c i l i t y  l o c a t i o n  problems, c l i e n t s  a r e  f r e e  t o  make 
t h e i r  own choice  of f a c i l i t y ,  and empi r i ca l  evidence demons t ra tes  t h a t  no t  
a l l  c l i e n t s  s e l e c t  t h e  n e a r e s t  f a c i l i t y .  Actua l  t r a v e l  from a given c l i e n t  
l o c a t i o n  tends  t o  be  d i s t r i b u t e d  among a number of f a c i l i t i e s ,  and t h e  re- 
l a t i v e  l o c a t i o n  of f a c i l i t i e s  a f f e c t s  t h e  d i s t r i b u t i o n  of t r a v e l .  This  form 
of s p a t i a l l y  i n t e r a c t i v e  t r a v e l  behavior ,  o f t e n  descr ibed  through a s p a t i a l  
"gravi ty" model, has  been d i scussed  by Wilson (1971) and has  l e d  t o  l o c a t i o n a l  
c r i t e r i a  i n t e r p r e t e d  v a r i o u s l y  a s  "consumers' surplus1 '  ( s ee  Neuberger, 1971; 
Coelho and Williams, 1978),  " a c c e s s i b i l i t y "  ( s ee  Leonardi ,  1978),  and 
I I entropy1' ( s ee  Wilson, 1970). A p l a u s i b l e  modeling foundat ion  f o r  t h i s  be- 
havior  has been provided through random u t i l i t y  theory ,  a s  d i scussed  r e c e n t l y  
w i th  r e f e rence  s p e c i f i c a l l y  t o  l o c a t i o n  modeling by Leonardi (1981). 
S p a t i a l l y  i n t e r a c t i v e  t r a v e l  behavior has  been incorpora ted  i n t o  
s e v e r a l  l o c a t i o n  models, i nc lud ing  those of Coelho and Wilson (1976),  
Leonardi (1978),  and Beaumont (1980). Recent ly Leonardi  (1980) has  pro- 
posed s p a t i a l l y  i n t e r a c t i v e  l o c a t i o n  models i n  which es tab l i shment  of 
f a c i l i t i e s  is r e s t r i c t e d  t o  a  s u b s e t  of a v a i l a b l e  l o c a t i o n s  e i t h e r  by a  
po l i cy  c o n s t r a i n t  o r  by t h e  presence of f i x e d  charges f o r  opening f a c i l i t i e s  
These models a r e  c l o s e l y  r e l a t e d  t o  t h e  uncapac i ta ted  f a c i l i t y  l o c a t i o n  
problem (UFLP). I n  t h i s  paper we develop a  s o l u t i o n  a lgor i thm f o r  such a  
model, and p r e s e n t  t h e  r e s u l t s  of computat ional  tests conducted t o  e v a l u a t e  
i ts  e f f e c t i v e n e s s .  
2. A FACILITY LOCATION MODEL WITH SPATIALLY INTERACTIVE TRAVEL BEHAVIOR 
We begin wi th  t h e  fo l lowing  budget-constrained s p a t i a l l y  i n t e r a c t i v e  
l o c a t i o n  problem: 
Minimize C C s ( o l n s i j + c  ) i j 
s I ~ E J  i j i j 
s u b j e c t  t o  C s = Pi, it1 
jtJ ij  
where 
I = set  of r e s i d e n c e  zones f o r  s e r v i c e  c l i e n t s ,  
indexed i = 1 , 2 , * * = , l 1 1 ;  
J = s e t  of p o t e n t i a l  f a c i l i t y  l o c a t i o n s ,  indexed 
j = 1 , 2 , - - - , 1 ~ 1 ;  
S 
l j  = number of s e r v i c e  c l i e n t s  i n  zone i r 1  
t h a t  u t i l i z e  f a c i l i t y  a t  l o c a t i o n  j r J ;  
Y 1 i f  a  f a c i l i t y  is e s t a b l i s h e d  a t  l o c a t i o n  jrJ j 0  i f  a  f a c i l i t y  is no t  e s t a b l i s h e d  a t  l o c a t i o n  jrJ; 
Pi(>O) = number of s e r v i c e  c l i e n t s  i n  zone L E I ;  
cij(*) = c o s t  pe r  c l i e n t  i n  zone i r I  f o r  s e r v i c e  a t  f a c i l i t y  j r J ;  
a.(LO) = f i x e d  charge  f o r  opening a f a c i l i t y  a t  j r J ;  
J 
b j ( s )  = v a r i a b l e  c a p a c i t y  c o s t  per  u n i t  of s e r v i c e  a t  f a c i l i t y  jrJ; 
B(20) = t o t a l  budget f o r  f a c i l i t i e s ;  
a(>O) = i n v e r s e  s p a t i a l  d i scount  (o r  d i s t a n c e  decay) rate. 
The o b j e c t i v e  f u n c t i o n  (1)  is  t h e  nega t ive  of "consumers' su rp lus"  b e n e f i t s  
t o  c l i e n t s  and, as we s h a l l  see, imp l i e s  c l i e n t  t r a v e l  behavior  a s  i n  a  
"grav i ty"  model. C o n s t r a i n t s  ( 2 )  ensure  t h a t  a l l  c l i e n t s  are served ,  c o n s t r a i n t s  
( 3 )  prevent  s e r v i c e  a t  a  c losed  f a c i l i t y ,  and c o n s t r a i n t  (4)  en fo rces  a budget 
l i m i t  on f a c i l i t i e s  expendi tures .  
A more convenient  formula t ion  f o r  s o l u t i o n  is provided i f  we employ 
a  Lagrangian r e l a x a t i o n  of t h e  budget c o n s t r a i n t  (4) .  One can a l s o  show, a s  
i n  E r l e n k o t t e r  (1980),  t h a t  such a  modified fo rmula t ion  can provide  a  s o l u t i o n  
t h a t  is  p r e f e r a b l e  t o  t h e  c l i e n t s  even i f  they must pay f o r  a  p o s s i b l e  budget 
d e f i c i t  through d i r e c t  u se  f e e s .  Employing t h e  Lagrange m u l t i p l i e r  h 2 0  
f o r  (4) and s u b s t i t u t i n g  
X i j  = s i j /p i  , we have 
Minimize ' 
X i j  (a Ln x  + c  + Xb.) + C l a j  y j /  x IEI j g J  i j  i j  
i j  j cJ  
s u b j e c t  t o  
The formula t ion  (5) - (7) is now expressed i n  t e r m s  of t h e  f r a c t i o n  
of c l i e n t s  a t  i served a t  j ,  x  i j  I f  we add t h e  gene ra l ly  redundant 
c o n s t r a i n t s  x  > 0 and examine the  l i m i t i n g  case  f o r  a = 0 (corresponding i j  - 
t o  an i n f i n i t e  s p a t i a l  d iscount  ra te ) ,  w e  ob ta in  t h e  c l a s s i c a l  UFLP of 
Efroymson and Ray (1966) wi th  t o t a l  "shipping" c o s t s  from i t o  j of 
pi(ci j  + ~ b  .) and f a c i l i t y  f ixed  charges a t  j of Aa 
J j 
3 .  CONDITIONAL OPTIMIZATION OF now VARIABLES 
The success  of s o l u t i o n  approaches f o r  the UFLP sugges t s  t h a t  we at tempt 
t o  so lve  (5) - (7)  by r e l a x i n g  the  i n t e g r a l i t y  c o n s t r a i n t s  on t h e  v a r i a b l e s  
. For t h a t  problem, such re laxed  s o l u t i o n s  o f t e n  a r e  n a t u r a l l y  i n t e g e r  
a s  demonstrated i n  Er l enko t t e r  (1978). Even when non-integer s o l u t i o n s  r e s u l t ,  
bounds on the  o b j e c t i v e  va lue  provided by t h e  re laxed  s o l u t i o n  a r e  u s e f u l  i n  
determining a  s o l u t i o n  by means of a  branch-and-bound procedure. 
Here, however, i t  is obvious t h a t  such a  re laxed  s o l u t i o n  w i l l  never be  
i n t e g r a l  because a l l  x  w i l l  be  p o s i t i v e  and no xij w i l l  equal  one. 
i j 
Therefore a l l  y  w i l l  be F rac t iona l  s i n c e  each w i l l  equal  t h e  l a r g e s t  cor- 
- j 
responding x i j  ' Solu t ion  of (5) - (7) v i a  such a r e l a x a t i o n  would not  seem 
t o  o f f e r  much promise. 
However, we can s impl i fy  (5) - (7) by opt imizing the  f low v a r i a b l e s  
x cond i t iona l ly  on t h e  s i t e  opening v a r i a b l e s  y Making the  s u b s t i t u t i o n s  i j  j ' 
and 
y i e l d s  the  equ iva len t  problem 
Minimize C c Pi xi j  i n  (xi j /di j )  + Hj Y j  
i&I j&J j&J 
s u b j e c t  t o  
Condit ional  opt imiza t ion  wi th  r e spec t  t o  Xi j '  assuming some nonzero 
y  j ,  y i e l d s  two cases  : 
where the  v a r e  Lagrange m u l t i p l i e r s  f o r  c o n s t r a i n t s  ( 9 ) .  Combining the  i 
two cases  g ives  
S u b s t i t u t i n g  (11) i n t o  (9) y i e l d s  
and hence i n  (11) 
which s a t i s f i e s  n a t u r a l l y  t h e  c o n s t r a i n t s  (10).  The form (12) is a "gravi ty"  
express ion  f o r  t h e  f low v a r i a b l e s  x s i n c e  t h e  c o e f f i c i e n t s  di a r e  i j 
s p a t i a l l y  discounted d i s t a n c e  measures. S u b s t i t u t i o n  from (12) i n t o  t h e  
o b j e c t i v e  f u n c t i o n  (8) y i e l d s  
d . . y . l n  y .  
1 J  J 
Minimize Pi 4 - 1 pi I n (  L y . d . . )  E x + E f . ~  (13) 
"j d i j  ~ E I  y .  E {0,1} ~ E I  jcJ  j E J  j e J  lJ j c J  ij  jsJ J j 
J 
which, s i n c e  y j  i n  y = 0 f o r  y  = 0 o r  1, becomes j j 
Minimize 
f j y j  - L Pi I n (  L y d ) . y .  E {0,11 j e J  i e  I j e J  j i j  
J 
The r a t h e r  s u c c i n c t  form of (14 ) ,  then,  would seem t o  be more promising f o r  
s o l u t i o n .  
4. A BRANCH-AND-BOUND SOLUTION PROCEDURE 
The s imple  o b j e c t i v e  form (14) has  s e v e r a l  u s e f u l  c h a r a c t e r i s t i c s .  
F i r s t ,  i t  is e a s i l y  shown t h a t  t h i s  f u n c t i o n  is convex i n  t h e  v a r i a b l e s  y j ' 
Solu t ion  of t h e  cont inuous r e l a x a t i o n  of (14) w i t h  0 < y < 1 t h e r e f o r e  
- j -  
may be c a r r i e d  ou t  by s t anda rd  convex op t imiza t ion  techniques ,  and t h i s  
s o l u t i o n  w i l l  provide a  lower bound f o r  t h e  opt imal  o b j e c t i v e  va lue .  Second, 
t h e  nega t ive  of t h i s  f u n c t i o n  is submodular a s  def ined  by Nemhauser, Wolsey, 
and Fisher  (1978). The submodular i ty  p rope r ty  can be exp lo i t ed  i n  branch- 
and-bound sea rch  a lgo r i thms ,  and t h i s  approach has  been explored i n  Leonardi  
(1981). However, such an approach employs only  func t ion  va lue  c a l c u l a t i o n s ,  
and Nemhauser and Wolsey (1978) have shown t h a t  such a  "black box" a lgor i thm 
has  s i g n i f i c a n t  t h e o r e t i c a l  l i m i t s  on its e f f i c i e n c y ,  a t  least i n  worst-case 
s i t u a t i o n s .  Here, t h e r e f o r e ,  we s h a l l  develop an  approach t h a t  used the  
cont inuous r e l a x a t i o n  of (14):  
Minimize C f . y  - C P i l n  ( C  y .  d ) . 
0 5 y j  2 1 jrJ J j  i c I  j cJ  J i j  
The problem (15) is  a  s imple convex programming problem cons t ra ined  
only  by bounds on v a r i a b l e s ,  and many s o l u t i o n  approaches could be appl ied .  
W e  b e l i e v e  t h a t  t he  method of Frank and Wolfe (1956), a l s o  known a s  t h e  
"method of convex combinations' '  (Wagner, 1975),  has  s e v e r a l  advantages,  a t  
l e a s t  f o r  i n i t i a l  s o l u t i o n  s t eps :  
(a)  The Frank-Wolfe method always moves i n  t he  d i r e c t i o n  of extreme 
p o i n t s ,  which a r e  i n t e g e r  s o l u t i o n s  here.  These a r e  p r e c i s e l y  t h e  
s o l u t i o n s  t h a t  i n t e r e s t  us ,  and each extreme p o i n t  encountered 
provides  a n  upper bound t o  t h e  opt imal  s o l u t i o n  va lue .  
(b) Di rec t ion- f inding  problems f o r  t h i s  approach can be  solved by 
in spec t ion ,  s i n c e  they involve  only t h e  s imple  bounds on v a r i a b l e s  
and a  l i n e a r i z a t i o n  of t h e  o b j e c t i v e  f u n c t i o n  a t  t he  c u r r e n t  
f e a s i b l e  poin t .  
(c)  The Frank-Wolfe method has  a  r a p i d  i n i t i a l  r a t e  of convergence 
(Wolfe, 1970). 
(d) Lower bounds on the  opt imal  re laxed  o b j e c t i v e  va lue  a r e  e a s i l y  
c a l c u l a t e d  from any t r i a l  f e a s i h l e  poin t .  
The hope is t h a t ,  i f  t h e  re laxed  s o l u t i o n  is n a t u r a l l y  i n t e g e r ,  t h e  
Frank-Wolfe method w i l l  move qu ick ly  t o  t h a t  p o i n t  and te rmina te .  I f  t h i s  
s o l u t i o n  is not  i n t e g e r ,  we then  must f a c e  t h e  major drawback of t h e  Frank- 
Wolfe method: i ts  extremely poor asymptot ic  convergence behavior  (Wolfe, 1970).  
The method can be  modified t o  improve its asympto t ic  performance (Wolfe, 1970; 
Holloway, 1974),  b u t  i n s t e a d  we have chosen t o  swi tch  over  t o  a v a r i a n t  of t h e  
c y c l i c  coo rd ina t e  descen t  method (Luenberger, 1973) t o  complete c a l c u l a t i o n  of 
t he  opt imal  r e l axed  s o l u t i o n .  
The l i n e a r i z a t i o n  of t h e  o b j e c t i v e  f u n c t i o n  (15) a t  a c u r r e n t  s o l u t i o n  
yo is obta ined  from t h e  g r a d i e n t  components 
The l i n e a r i z e d  problem f o r  t h e  Frank-Wolfe approach is then 
Minimize E 0 Y j  Zj(y 1. 
O l y  < 1  ~ E J  j - 
The s o l u t i o n  t o  (17) is given  by 
* *  0 * A new s o l u t i o n  p o i n t  i s  then  provided by yo + t (y - y , where t 
is  t he  s o l u t i o n  t o  t h e  s t ep - f ind ing  problem 
* 0 
Minimize E f . [ t y  . + (1-t)  Y j  1 
O <  t < l  jsJ I J - - 
The s t e p  s i z e  is e a s i l y  opt imized i n  (19) v i a  Newton's method. 
A convenient i n i t i a l  s t a r t i n g  p o i n t  is der ived  by assuming t h a t  a l l  y  0  j 
0 
a r e  equal ;  s e t t i n g  E z j ( y  ) = 0 we then o b t a i n  from (16) 
j c J  
I f  t h e  r e l axed  cont inuous s o l u t i o n  is non-integer ,  we proceed v i a  a  
I 
branch-and-bound approach us ing  t h e  s o l u t i o n s  t o  (15) a s  lower bounds. This  
0  
= minimum 
procedure is  s t a n d a r d  and r a t h e r  e lementary,  and we provide  j u s t  a  b r i e f  
Pi 
$1, i c  I E f  I .  
j e J  j 
ske t ch  of i ts  d e t a i l s .  
s 
(a )  A s  desc r ibed  by Geof f r ion  (1967),  an  elementary backt rack ing  scheme 
wi th  l a s t - i n ,  f i r s t - o u t  p rocess ing  of nodes is used t o  minimize 
computer s t o r a g e  requi rements  and s i m p l i f y  upda t ing  of so lu t ions .  
(b)  For branching,  we u s e  a  second-order Taylor  series approximation 
of t he  o b j e c t i v e  f u n c t i o n  t o  e s t i m a t e  t h e  deg rada t ion  of t h e  ob- 
j e c t i v e  v a l u e  from a l t e r i n g  a  f r a c t i o n a l  v a r i a b l e  yo Given t h e  j ' 
0 
c u r r e n t  o b j e c t i v e  v a l u e  z(y ) ,  f i r s t  d e r i v a t i v e  r j  = 0 a t  a  
0  
cont inuous optimum, and second d e r i v a t i v e  z (y ), we have j j 
The s t r a t e g y  is t o  s e l e c t  t h e  v a r i a b l e  and i n t e g e r  v a l u e  providing the  
maximum es t ima ted  deg rada t ion  according t o  (20) ,  and t o  branch i n i t i a l l y  
i n  t h e  d i r e c t i o n  oppos i t e  t h i s  va lue .  
( c )  Opt imiza t ion  of t h e  p a r t i a l l y  r e l axed  problem a t  each node is c a r r i e d  
ou t  v i a  t h e  Frank-Wolfe method u n t i l  t h e  o b j e c t i v e  va lue  improvement 
i s  l e s s  than 0.1%, and is complered by c y c l i c  coordina te  descent .  
(d) Fathoming of nodes i s  e i t h e r  by bounding o r  by i n t e g e r  f e a s i b i l i t y .  
I n  some pre l iminary  t e s t s ,  a n  a l t e r n a t i v e  branching s t r a t e g y  was 
t r i e d  i n  (b) of branching on t h e  v a r i a b l e  and va lue  from (20) providing t h e  
minimum degradat ion .  This  s t r a t e g y  is  intended t o  seek a  good s o l u t i o n  a s  
quickly  a s  p o s s i b l e ,  whi le  the  one i n  (b) a t tempts  t o  i d e n t i f y  branches 
t h a t  may be bounded o f f  a s  soon a s  poss ib le .  The a l t e r n a t i v e  s t r a t e g y  gave 
very  poor r e s u l t s ,  t ak ing  more than t en  times the  t o t a l  computational e f f o r t  
of t h a t  i n  (b) i n  some ins t ances .  This  behavior is  c o n s i s t e n t  w i th  the  
f ind ings  f o r  i n t e g e r  l i n e a r  p rograming  problems repor ted  i n  Geoffr ion and 
Marsten (1972). 
COMPUTATIONAL RESULTS 5 .  
The a lgor i thm f o r  the  s p a t i a l  i n t e r a c t i o n  f a c i l i t y  l o c a t i o n  model 
has  been developed i n t o  a  FORTRAN I V  computer code named INTLOC. Pre l iminary  
computational t e s t i n g  was c a r r i e d  out  on the  PDP 11/70 computer a t  IIASA. 
This  t e s t i n g  was conducted i n  an  extremely congested i n t e r a c t i v e  environment, 
and computational t imes were too  u n r e l i a b l e  t o  r e p o r t  here .  However, t he  
r e s u l t s  obtained a r e  s u f f i c i e n t  t o  provide a  t e n t a t i v e  eva lua t ion  of the  
approach. 
The f i r s t  problem inves t iga t ed  is the  8 x 8 shopping c e n t e r  l o c a t i o n  
problem developed by Coelho and Wilson (1976) f o r  t he  c i t y  of Leeds, England. 
Coelho and Wilson ignored f i x e d  charges i n  t h e  c o s t  s t r u c t u r e  f o r  shopping 
c e n t e r s  but  included s i z e s  of e x i s t i n g  cen te r s .  Here we t r y  d i f f e r e n t  l e v e l s  
of f ixed  charges but  assume no e x i s t i n g  cen te r s .  Resu l t s  from INTLOC f o r  t h i s  
problem a r e  given i n  Table 1. A t  t he  lowest va lue  f o r  the  f ixed  charge,  
Fixed 
Charge 
Table 1.  Computational r e s u l t s  for  Coelho-Wilson 8 x 8 locat ion problem 
Optimal I n i t i a l  Optimal Relaxed Tree search Total i t era t ions  
number of fract ional  object ive  object ive  Maximum Total  Frank- Cycl ic  
f a c i l i t i e s  f a c i l i t i e s  value value depth nodes Wolfe descent 
c e n t e r s  a r e  opened a t  a l l  e i g h t  sites; a t  t h e  h igher  va lues ,  j u s t  two s i t e s  
a r e  u t i l i z e d .  
This  problem was solved q u i t e  e a s i l y  i n  a l l  ca ses ,  probably because 
never more than two f a c i l i t y  opening v a r i a b l e s  were f r a c t i o n a l  i n  t h e  
i n i t i a l  continuous s o l u t i o n .  I n  s e v e r a l  ca ses  the  i n i t i a l  cont inuous s o l u t i o n  
was i n t e g e r  and opt imal ,  i nd ica t ed  i n  Table 1 by a s i n g l e  node and maximum 
t r e e  depth of zero  i n  the  t r e e  search .  A s  a consequence of t h e  smal l  number 
of f r a c t i o n a l  v a r i a b l e s ,  v i r t u a l l y  a l l  t he  opt imiza t ion  of t h e  re laxed  problem 
was accomplished wi th  Frank-Wolfe i t e r a t i o n s ,  and t h e  c y c l i c  coordina te  
descent  phase was used i n  j u s t  fou r  cases.  
The second problem is a 23 x 23 h igh  school  l o c a t i o n  problem f o r  Tur in ,  
I t a l y  taken from Leonardi (1981). Resu l t s  f o r  t h i s  problem a r e  given i n  
Table 2. For most cases  of t h i s  problem, t h e  number of f r a c t i o n a l  v a r i a b l e s  
i n  the  i n i t i a l  continuous s o l u t i o n  was q u i t e  l a r g e ,  and the  s o l u t i o n  process 
was lengthy. The most d i f f i c u l t  ca se  was f o r  a f i x e d  charge of 3000, where 
t h e  maximum depth of t h e  sea rch  t r e e  w a s  j u s t  one l e s s  than the  maximum 
poss ib l e  depth of 23. The number of Frank-Wolfe i t e r a t i o n s  tends  t o  be about  
t h r e e  t i m e s  t h e  t o t a l  number of nodes, and the  number of c y c l i c  descent  i t e r -  
a t i o n s  is a s  high a s  t h r e e  t imes t h e  number of Frank-Wolfe i t e r a t i o n s  f o r  
t hese  problems. 
The f i n a l  problem is a 44  x 69 h o s p i t a l  l o c a t i o n  problem f o r  t h e  London 
region  a s  descr ibed  i n  Mayhew and Taket (1980). Resu l t s  f o r  t h i s  problem a r e  
given i n  Table 3. Even though much l a r g e r  than t h e  previous problem, s o l u t i o n  
requirements  he re  were r a t h e r  modest. The number of f r a c t i o n a l  v a r i a b l e s  i n  
the  i n i t i a l  cont inuous s o l u t i o n  tends t o  remain s m a l l  r e l a t i v e  t o  t h e  t o t a l  
number of p o t e n t i a l  f a c i l i t i e s ,  and the  opt imal  o b j e c t i v e  v a l u e  remains very 
c l o s e  t o  the  i n i t i a l  lower bound provided by t h e  i n i t i a l  re laxed  o b j e c t i v e  
value. However, t h e  s o l u t i o n  e f f o r t  i n c r e a s e s  with t h e  va lue  of t h e  f ixed  
Fixed 
Charge 
Optimal 
number o f  
f a c i l i t i e s  
Table 2 .  Computational r e s u l t s  f o r  Leonardi 23  x 23 l o c a t i o n  problem 
I n i t i a l  
f r a c t i o n a l  
f a c i l i t i e s  
Optimal 
o b j e c t i v e  
v a l u e  
Relaxed 
o b j e c t i v e  
v a l u e  
25899.2 
37257.1 
47924.9 
56947.9  
64389.7 
70583.2 
75809.6 
80326.1 
84300.9 
87845 . O  
Tree s e a r c h  
Maximum T o t a l  
depth nodes 
T o t a l  i t e r a t i o n s  
Frank- C y c l i c  
Wolfe d e s c e n t  
r l p  
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charge,  and problems w i t h  h ighe r  f i xed  charges  could be  more d i f f i c u l t  t o  
so lve .  
6. CONCLUSIONS 
W e  have developed and t e s t e d  an a lgo r i t hm f o r  s o l v i n g  a  s p a t i a l  i n t e r -  
a c t i o n  f a c i l i t y  l o c a t i o n  model. S ince  t h e  s p a t i a l  f low v a r i a b l e s  may be  
optimized a n a l y t i c a l l y ,  t he  s o l u t i o n  approach cons ide r s  e x p l i c i t l y  only t h e  
f a c i l i t y  opening v a r i a b l e s .  The a lgo r i t hm seems t o  be q u i t e  s u c c e s s f u l  f o r  
some problems and r a t h e r  t e d i o u s  f o r  o t h e r s .  
S ince  t h i s  c l a s s  of problems is known t o  be a  d i f f i c u l t  one, i t  is 
not  s u r p r i s i n g  t h a t  some c a s e s  a r e  hard t o  so lve .  An impor tan t  cha rac t e r -  
i s t i c  seems t o  be  t h e  number of f r a c t i o n a l  v a r i a b l e s  i n  t h e  i n i t i a l  cont inuous 
s o l u t i o n .  It is easy  t o  c o n s t r u c t  examples i n  which a l l  v a r i a b l e s  i n i t i a l l y  
w i l l  be f r a c t i o n a l :  e.g. ,  f o r  equa l  c l i e n t  popu la t i ons  Pi P f o r  a l l  i 
and a  s u f f i c i e n t l y  h igh  uniform f i x e d  charge l e t  d = 1 f o r  a l l  j and j j 
dij = K < 1 f o r  a l l  i # j. Such problems would seem t o  be  i n h e r e n t l y  
d i f f i c u l t  f o r  t h i s  approach. Even though o t h e r  non l inea r  o p t i m i z a t i o n  
approaches o r  branch-and-bound s t r a t e g i e s  could b e  t r i e d ,  i t  is n o t  c l e a r  
t h a t  they could overcome t h i s  d i f f i c u l t y .  
Perhaps more puzz l ing  is t h e  r e l a t i v e l y  g r e a t e r  success  of dual-based 
s o l u t i o n  approaches f o r  t h e  uncapac i ta ted  f a c i l i t y  l o c a t i o n  problem 
( E r l e n k o t t e r ,  1978) ,  which i s  a  l i m i t i n g  c a s e  of t h e  problem explored he re .  
N a t u r a l l y  i n t e g e r  s o l u t i o n s  t o  t h e  coiltinuous r e l a x a t i o n  of t h a t  problem seem 
t o  be much more p r e v a l e n t  t han  f o r  the  examples so lved  here .  I n  t he  dual-based 
approaches,  dua l  v a r i a b l e s  a r e  e l imina ted  by p re l imina ry  op t imiza t ion  i n  
c o n t r a s t  t o  t h e  e l i m i n a t i o n  of pr imal  v a r i a b l e s  here .  But no n a t u r a l  ex- 
t e n t i o n  of t hose  approaches t o  t h e  s p a t i a l  i n t e r a c t i o n  model seems evident .  
Given t h e  d i f f i c u l t y  of ob ta in ing  proven opt imal  s o l u t i o n s  f o r  some 
i n s t a n c e s  of t h i s  problem, t h e  need f o r  good h e u r i s t i c s  is apparent .  
Nemhauser, Wolsey, and F i she r  (1978) have provided some gene ra l  r e s u l t s  f o r  
h e u r i s t i c s  t h a t  could be app l i ed  t o  t h i s  problem, and Leonardi  (1981) has  
developed some h e u r i s t i c s  and app l i ed  them t o  t h e  Tur in  h igh  school  l o c a t i o n  
problem wi th  very  encouraging r e s u l t s .  Fur ther  e x p l o r a t i o n  of t h e s e  
approaches seems d e s i r a b l e .  
Beyond t h e  problem considered he re ,  t h e r e  is  need t o  extend t h e  
approaches t o  i nc lude  a d d i t i o n a l  problem a s p e c t s  such a s  e x i s t i n g  f a c i l i t y  
c a p a c i t i e s  and l i m i t s  on t h e  c a p a c i t i e s  of new f a c i l i t i e s .  Some of t hese  
ex tens ions  have been explored r e c e n t l y  by Coelho (1980). 
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